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The brane-world scenario offers the possibility for signals to travel outside
our visible universe and reenter it. We find the condition for a signal emitted
from the brane to return to the brane. We also study the propagation of such
signals and show that, as seen by a 4D observer, these signals arrive earlier
than light traveling along the brane.
I. INTRODUCTION
The brane-world scenario oers possible solutions to the hierarchy problem [1] and it pre-
dicts new eects, like modications of Newton’s force law at short distances [2], modications
of the cosmological evolution at early times [3{8] and the existence of \faster-than-light"
gravitational signals [9{13] . The last eect is due to the fact that, while the Standard
Model elds (namely the photons) are conned to live only inside the brane world-volume,
gravity can see the whole higher-dimensional space-time. Consequently, a \shorter" path
that leaves the brane, propagates through the bulk, and re-enters the brane later may exist
for gravitons.
This eect was pointed out in Ref. [14], where the authors argued that all points in the
visible universe can be connected in an arbitrarily short amount of time. The eect was
also used in Ref. [15] to give a solution to the horizon problem without using inflation. In
Ref. [16] the author argues that however, closed time-like curves do not form, and therefore
causality is maintained. The causal structure and the horizon problem in the absence of
inflation are also studied in Ref. [17], and the holographic interpretation of the Lorentz
invariance violations is given in Ref. [18].
Since the 5D space-time is usually chosen to be AdS-Schwarzschild (AdSS) or AdS-
Reissner-No¨rdstrom (AdS-RN) in order to localize gravity and reproduce Newton’s law in
the brane, the 5D metric has the general form of Ref. [19] :




The 4D universe is seen as a 3-brane moving through this background. Since there is no
preferred orientation of the brane, there is no reason to expect Lorentz invariance on the
1
brane. The problem is addressed in Ref. [20].The proper time of a 4D observer (as a function
of the 5th dimension) changes dierently than the scale factor of the space coordinates.
Consequently, the eective speed of light changes as a function of the position along the 5th
dimension, and it is possible that, in a given coordinate time interval, a gravitational wave
signal traveling outside our visible universe will move over larger distances than light wave
signals traveling inside the visible universe. The same eect can aect the standard model
particles if they are assumed to be localized modes of bulk elds, the particles being allowed
to \tunnel" into the bulk (see Ref. [9,21]).
In Ref. [12] the authors use the more general AdS-RN bulk and they consider only flat
3-dimensional spatial slices of the visible universe. Additionally they impose the existence
of an event horizon in the bulk, and these constraints require the existence of exotic matter
on the brane.
In the present note we discuss the conditions under which the geodesics will return to
the brane and we estimate the relative advance of the gravitational signal with respect to
the light signal traveling along the brane. We will consider more generic situations, without
constraining the curvature to be zero, but assume that the cosmic scale factor of the universe
is large at present. The static and the expanding cases will be treated separately since we will
see that we cannot take the limit H ! 0 in the expanding case. The analysis of the 5D null
geodesics is essentially that of Ref. [13], (see Ref. [17] for a more complete analysis including
time-like and space-like geodesics) but in addition we explicitly impose the condition that
the geodesics return to the brane. Only then such apparent Lorentz invariance violations
can be detected by a brane observer. We also use the analogy with the bending of light in
4D Schwarzschild spacetime, to study the bending of \gravitational rays" around the bulk
black hole.
We nd that for both the static and the expanding universes the gravitational wave
traveling through the bulk reaches a brane observer before a light wave emitted from the
same source as the gravitational wave, but traveling along the brane. Also if our brane
separates two dierent AdSS spaces, there will be two dierent gravitational waves traveling
through the two bulks, each reaching a brane observer at dierent times, both before a light
wave traveling along the brane.
II. BULK NULL GEODESICS
A. Validity of the light-ray approximation
The light-ray approximation used to calculate the advance of the bulk gravitational
waves with respect to the electromagnetic signal traveling along the brane is valid only if
the wavelength of the graviton is much smaller than the curvature radius of the AdSS bulk1:
λ  1/l. If the wavelength is comparable or larger than the the AdSS curvature radius,
then we should study fluctuations around the AdSS background, describing the propagation
of a gravitational wave. The eective 4D cosmological constant is given by:








If the brane tension is of the order of 1TeV then the bulk cosmological constant must be of
the same order of magnitude in order to give the small observed 4D cosmological constant.
Consequently the calculation of the advance of the gravitational signal is valid only for
gravitons with energies of the order of 1TeV , impossible to observe with LIGO.
B. Geodesic equations
We study the propagation of a signal through the AdSS bulk, with the aim to nd which
geodesics will leave the brane and re-intersect it. For simplicity we rst study the stationary
brane: the position of the brane along the 5th dimension simultaneously satises H (rb) = 0
and _H (rb) = 0 (see appendix A). We use the setup of Ref. [9] in which the brane separates











FIG.1 The picture shows the warp factor as a function of the radial
coordinate. The brane is a domain wall placed at rb, separating two
(generically dierent) AdSS spaces with horizons at rH1 and rH2,
so signals can travel outside the brane through either space.
The function f (r) has the general form of Ref. [19]:2
2As already mentioned, other authors [12,22] use the more general AdS-RN space time for which
the function f (r) has one extra term: f (r) = k + r
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We will see that the existence of Killing vectors makes (at least for the moment) the explicit
form of f (r) irrelevant.
We are interested in nding the null geodesics of the AdSS space-time. We will allow
only 3 coordinates to change, namely, t, r and σ. Depending on the curvature of the 3D
spatial sections, this metric is of one of the following three forms:
d2k = dσ
2 + h (σ)
(





sin2 (σ) k = +1
σ2 k = 0
sinh2 (σ) k = −1
(4)
Since we keep θ and φ constant, the explicit form of h (σ) is irrelevant. With this restriction
the metric for which we want to nd the geodesics is:




We notice that, up to specifying the explicit form of f (r), this metric is identical with the







































gµν = const. ! r2 ∂r
∂λ
= P (8)






but the same results can be obtained by integrating the geodesic equations. The geodesic

















































which coincides with the previous result. Using these two prime integrals and the fact that


























































FIG.2 The brane is located at r = rb for the static case, or moves
from rb to rf in the expanding case. The geodesics that re-intersect
the brane must satisfy the condition rH < rmin, rH being the radius
of the AdSS horizon, and rmin the location of the turning point.
Since in the present setup (see Ref. [9]) the coordinate r decreases on either side of the
brane, we are only interested in geodesics that are contained in the space delimited by the
brane and the horizon, as illustrated in FIG.1.
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We can now proceed to analyze the propagation of the bulk null signals and nd out how
they are perceived by a brane observer. More precisely we want to nd which geodesics can
start on the brane, travel through the bulk, and re-intersect the brane. Then we nd the
separation of the two events (emission, re-entry) as seen by a brane observer.
III. BRANE RE-INTERSECTING GEODESICS
We now want to nd those geodesics that will be emitted from the brane, travel through
the bulk and re-intersect the brane. Since the r coordinate decreases on both sides of the
brane, the geodesics will rst move toward decreasing r so in Eq.(16) we have to choose the
\-" sign. The brane is either located at a xed r, or moving toward larger r (corresponding
to an expanding universe), so in order for the geodesics to re-intersect the brane they have
to reach a turning point after which they move toward increasing r. The movement toward
increasing r corresponds to the \+" sign in Eq.(16) so in order to switch between the initial
\-" sign to the \+" sign, ∂r/∂λ must be zero at the turning point. Moreover, the turning
point must be outside the horizon of the bulk black hole, since it will take null signals an
innite coordinate time to reach the horizon, so these signals do not re-intersect the brane.




since these zeroes give the














First, the locations of the AdSS horizons are given by the zeroes of the function f (r) =










If such a horizon exists, the brane is located in the region where f (r) > 0. We can see the
location of the zeroes of f (r) in FIG.3. Unless µ < 0 there is only one horizon corresponding
















We will now discuss each signature of µ and k. All cases are illustrated in FIG.3.
 µ > 0, k > 0 In this case there is only one horizon corresponding to the \+" solution.
Depending on the value of P 2/E2, F (r) can have two zeros outside the horizon, in
which case the geodesic corresponding to the particular value of P 2/E2 will return
at the outer one (the \+" solution). If the two zeroes merge we will see that the
corresponding geodesic will not return to the brane. There will also be geodesics that
do not return to the brane, because for small enough P 2/E2, F (r) will have no zeros.
F (r) will have no zeroes if it is positive at its minimum. This gives the condition:
P 2/E2  1/ (1/l2 + k2/4µ)
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 µ > 0, k < 0 There is one horizon corresponding to the \+" solution. The geodesics
either have no turning point, or are not emitted at all. We can nd values of P 2/E2
such that F (r) has a zero, but if rmin satises the condition, rH < rmin < rb, then
F (r) will be negative at rb, meaning that the geodesics corresponding to the values of
P 2/E2 do not intersect the brane at all.
 µ < 0, k > 0 There is no horizon in this case, only a naked singularity at r = 0. In
this case all geodesics will have a turning point.
 µ < 0, k < 0 Depending on the values of µ, k and l, there can be two horizons, one
horizon, or no horizon. Let us look at the solution Eq.(18) and rewrite it in terms of










Solutions exist only if jµj  k2l2/4. Strict inequality corresponds to the existence of
two horizons, only the outer one (the \+" solution) being of interest to us.
– If jµj > k2l2/4, there is a naked singularity at r = 0 and all the geodesics will
have a turning point.
– If jµj = k2l2/4 the two horizons merge and are located at rH =
√
2 jµj / jkj. If
1− (P 2/E2) 1/l2  0, there will be one turning point located behind the horizon,
so no geodesic returns. If 1− (P 2/E2) 1/l2 < 0 there will be two turning points,
one outside and one inside the horizon. However, if we have rH < rmin, then
F (rb) < 0, so the corresponding geodesics do not intersect the brane at all.
– If jµj < k2l2/4 there will be two horizons. F (r) will have one or two zeros, depend-
ing on the value of P 2/E2. For r ! 0, F (r) is dominated by − (P 2/E2) (jµj /r4)
which is negative, and for r ! 1 by 1 − (P 2/E2) 1/l2 which can be positive or
negative. The function has an extremum at r2 = 2 jµj / jkj. The second derivative




, so the extremum
is a maximum. We thus nd: If 1 − (P 2/E2) 1/l2 > 0 the geodesics will not
return to the brane since the turning point is located behind the outer horizon.
If 1 − (P 2/E2) 1/l2 < 0, depending on the value of P 2/E2, there will be two
turning points, one turning point, or no turning points depending on whether
1 − (P 2/E2) (1/l2 − k2/4 jµj) is positive, zero, or negative. If there is only one
turning point, then the maximum of F (r) is equal to zero, so F (rb) < 0: the cor-
responding geodesic does not intersect the brane. If there are two turning points,
one can be outside the horizon, but if rmin of the outer turning point satises
rH < rmin < rb, then F (rb) < 0 so the corresponding geodesic does not intersect


































































FIG.3 The positions of the horizons are given by the zeros of f (r),
and the positions of the turning points by the zeros of F (r). Their
locations are marked by vertical dashed lines. The functions f (r)
and F (r) are plotted for all possible signatures of µ and k.
IV. STATIC BRANE




In this case we will expand the function F (r) around this zero:






























Writing r = rmin +δr the coordinate time and distance it takes a signal to leave and re-entry













f (rmin + δr)
√











F (rmin + δr)
(26)
Substituting in the above equations the series expansion Eq.(22) we observe that the integrals








= 0. In this case it will take










> 0. The function f (r) has zeroes only at the location of the AdSS horizons,
so f (rmin) > 0.We can now use the expansion Eq.(22) and keep only the leading order term









































The induced metric on the brane will be:
ds2b = −f (rb) dt2 + r2bdσ2 (29)
Notice that we kept the bulk coordinates to express distances on the brane, even though
they are not the natural coordinates for the brane observer, since it will be easier to nd
the separation of the emission and the re-entry. The coecients of the metric are constant,
consequently the separation of the emission and re-entry will be:
s2 = −f (rb) t2 + r2bσ2 (30)
Using the above results for t and σ we want to nd whether s2 > 0 or s2 < 0. For




































We use the fact that



























= F (rb) > 0 (33)
We obtained that s2 > 0, consequently the brane observer will see the two events as
spatially separated, so the bulk signal travels faster than light on the brane.





in terms of the scale factor of the visible universe,
rb, and the physical distance separating the two events as seen by a brane observer. Using









− f 0 (rmin)
(34)
We see that we can now express rmin in terms of σ and rb, so we can express the relative
advance of the gravitational signal in terms of the physical separation of the emission and
re-entry points on the brane, rbσ, and the parameters of the AdSS bulk, namely, k, l and




= F 0 (rmin) (rb − rmin) + O (rb − rmin)2 (35)
Now we can further use the fact that rb − rmin is a small quantity and write:
F 0 (rmin) = F 0 (rb) + F 00 (rb) (rb − rmin) + O (rb − rmin)2 (36)












(rb − rmin) (37)








































and the nal form for the relative advance of the gravitational signal with respect to the



















We will now consider the case where the 4D Hubble constant is non-zero. We obtain
a non-zero 4D Hubble constant by allowing the brane to move along the 5th dimension,
rb = rb (t). We want to nd the proper time of an observer moving with the brane. We
therefore choose an observer whose world-line is described by σ, θ, φ = const.. Following
Ref. [13] we express the proper time of the brane in terms of the 5D coordinate time.
ds2brane = −dτ 2 = −f (rb (t)) dt2 +
dr2b
f (rb (t))






where the dot represents the derivative taken with respect to the proper time of the brane
τ . The induced metric on the brane becomes:
ds2brane = −dτ 2 + r2b (τ) d2k (42)
so the Hubble constant seen by a brane observer is: H = _rb/rb. We can now use Eq.(41) to
express drb/dt as a function of H = _rb/rb.
f (rb (t)) dt






































We can now compare the movement of the brane with the movement of bulk null signals so
that we can identify the signals that will re-entry the brane. For these signals, since the 4D
metric is no longer time-independent, we will calculate the coordinate distance traveled by
a null signal along the brane, and compare it with the coordinate distance along the brane












We will assume that the Hubble constant is (approximately) a true constant, namely that
rb is suciently large that between the emission and re-entry of the bulk signal the amount









is dominated by the term proportional to














































Initially r will decrease to rmin (F (rmin) = 0), so we will have to use the \-" solution. After
reaching rmin, r will increase, so we will have to consider the \+" solution. We will continue
















where rf is the r-coordinate where the bulk signal re-enters the brane. The time coordinate
for the re-entry of the bulk signal is the intersection of the trajectories described by the
equations Eq.(47) and Eq.(49), having the initial conditions rb (0) = r0 and r (0) = r0. So
we will set rf to be the same in both Eq.(48) and Eq.(50) and solve for t. We use the fact













At the same time we rewrite Eq.(50) in the form:
√





−pr0 − rmin (52)
so we obtain:




















− 2pr0 − rmin


































FIG.4 The intersection of the two trajectories r (t) and rbrane (t)
is the re-entry time for the bulk signal. We observe that for H = 0
we reproduce the result from the static case. tstatic and texpanding
are the re-entry times for the static and the expanding cases.
We now go back and calculate σ for the brane signal and for the bulk signal. Again,
we assume that H  const. and that r is large so that the relative expansion of the brane










































For the bulk null signal we have:









































Using the fact that P 2/E2 = (rmin)






Comparing this result with the one from Eq.(56) we obtain immediately that:
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σbrane null < σbulk null (59)
so the bulk signal will appear as superluminal to the brane observer. We see now why we
should consider the static and expanding brane cases separately; taking the limit H ! 0 in
Eq.(56) would give σbrane null = σbulk null, but the limit is meaningless since σbrane null
given by Eq.(56) naively diverges. We should take into account that as H ! 0 then rf ! r0
and the combination 1/H (1/r0 − 1/rf) is nite.
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APPENDIX A: STATIC BRANE SOLUTIONS
We now look for solutions of the equations H = 0 and _H = 0. We use the general







































































Since we want to avoid the presence of naked singularities in the bulk, we consider only
solutions with µ > 0, which will restrict us to k < 0. In order to avoid this constraint we
will allow for µ+ 6= µ−, while keeping l+ = l− for calculational convenience. In this case
there will be two "superluminal" bulk signals, one through each AdSS space, arriving at the
brane at dierent times since µ+ 6= µ−. The dependence of the Hubble constant on the scale


















is given in FIG. 5. We see that with the exception of the case µavg = (µ+ + µ−) /2 < 0,
k > 0, when there is no extremum for H (r), we can adjust the parameters λ, k, l, µ+,µ−,


































FIG.5 The dependence of the Hubble constant on the scale factor
(redshift) for dierent signs of the curvature and black hole mass
APPENDIX B: NON-RETURNING GEODESICS





= 0 will not return to the











Substituting this result in the equation F (rmin) = 0, we obtain:











which xes the value of the parameter P 2/E2 characterizing the geodesic. We see that this
condition selects a single geodesic, and in general this condition is not satised. Conse-
quently, most of the geodesics will return to the brane.
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